We consider a nonparametric goodness of fit test problem for the drift coefficient of one-dimensional ergodic diffusions, where the diffusion coefficient is a nuisance function which is estimated in some sense. Using a theory for the continuous observation case, we construct a test based on the data observed discretely in space, that is, the so-called tick time sampled data. It is proved that the asymptotic distribution of our test under the null hypothesis is the supremum of the standard Brownian motion, and thus our test is asymptotically distribution free. It is also shown that the test is consistent under any fixed alternative.
Introduction
Goodness of fit tests play an important role in theoretical and applied statistics, and the study for them has a long history. Such tests are really useful especially if they are distribution free, in the sense that their distributions do not depend on the underlying model. The origin goes back to the Kolmogorov-Smirnov and Crámer-von Mises tests in the i.i.d. case, established early in the twentieth century, which are asymptotically distribution free. Although their great importance in application, the theory of goodness of fit tests for diffusion processes has not received much attention from researchers until several years ago. Kutoyants (2004) One of the interesting points of this paper is that the proposed test is based on tick time sample scheme of observations. Tick time sample scheme, roughly speaking, consists in observing the underling process only when the process reaches some fixed values of a suitable grid in the state space. The moments when the process reaches those values are called tick times. This sampling scheme can be view as an incomplete observation of the continuous entire trajectory of the diffusion process. Statistical inference based on first hitting times of increasing levels, was already applied in several works. See for example Genon-Catalot and Laredo (1987) and Laredo (1990) , where they were concerned with the estimation of an unknown parameter in the drift function of a small diffusion models. In Genon-Catalot et al. (2002) the discretization in space is introduced to study the asymptotic equivalence of experiments generated by a diffusion process of small variance to a Gaussian signal-inwhite-noise model. For further references see the cited works. Tick time sample arises in many problems in finance, when for example, the prices are sampled with every continued price changes in bid or ask quotation data. See for example the work of Fukasawa (2010) and reference therein. Usually in finance the most common scheme is one where the prices are sampled at regular interval in calendar time. We should mention that there is a huge literature on discrete time approximations of statistical estimators for diffusion processes; see e.g. the Introduction of Gobet et al. (2004) for a review including not only high frequency cases but also low frequency cases. On the other hand, with the increasing availability of transaction data alternative sampling scheme, such as tick time sampling and transaction time sampling, has gain popularity. See Griffin and Oomen (2008) for an interesting discussion on these different sample schemes. We are interested in this new research direction.
In this work, we extend the approach taken by Negri and Nishiyama (2009) who considered the continuous time observation case to the tick time sample case; a similar attempt in the high frequency sampled case can be found in Masuda et al. (2008) and Nishiyama (2009). The method is essentially based on a certain marked empirical process to construct an asymptotically distribution free test, where "marked empirical process" actually means a random field of innovation martingales, and we will show that with some necessary modifications it can be applied to the tick time sample case.
The approach based on the marked empirical process goes back to and it is motivated by the work of Koul and Stute (1999) who considered a non-linear parametric time series model (see also Sect. 7.3 of Nishiyama (2000) which is a reprint of his thesis in 1998). They studied the large sample behavior of the proposed test statistics under the null hypotheses and present a martingale transformation of the underlying process that makes tests based on it asymptotically distribution free. Some considerations on consistency have also been
